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We demonstrate the substantial effect of the nonisobaricity of an exhaust jet on the initial parameters
of a condensation wake: distance to the wake, initial water content, ice content, optical thickness, and
transverse dimension.

The interest in investigating physical processes in condensation wakes (contrails) has increased with
increase in ejections from aircraft to the atmosphere that affect the ozone, CO2, and aerosols, including high
cirrus clouds [1–5]. A contrail behind a large passenger airplane (B-747-400, IL-96, etc.) is formed at alti-
tudes of 8–14 km near the tropopause in a jet regime of exhaust [3], at distances of D101–102 m from the
nozzle. The physical model involves the following assumptions: the jet is isobaric and the flight velocity and
the parameters of the exhaust gas across the nozzle cut are constant [6, 7]. In [8] it is shown that the initial
parameters of a contrail change substantially (D100%) at relatively small (D10%) variations in temperature or
moisture content at the nozzle cut and also during seasonal-latitudinal changes in the atmospheric conditions.
In the present work, we investigate the effect of the nonisobaricity of a jet on the initial characteristics of a
contrail.

We place the origin of a cylindrical coordinate system (x, r) at the center of the cut of a nozzle of
radius ra. The pressure in this section differs N times from the atmospheric one, pa = Np∞. We consider the

hot section of the equalization of pressure ((p − p∞)/p∞ ≤ 1%) near the nozzle ∆x ≤ 10ra and evaluate the

change in the temperature and velocity of the gas. Thereafter, we investigate the turbulent diffusion of the jet
and cooling and condensation (crystallization) of water vapor. Condensation begins in the cold peripheral re-
gion. At a certain distance xm from the nozzle, the aerosol converges on the axis. By the initial section xm,

the transverse optical thickness τ(x; λ) = ∫ 
0

∞

α(x, r; λ)dr increases sharply up to the maximum and then de-

creases [9]. The quantity α is the coefficient of the attenuation of radiation by aerosol at the wavelength λ.
The jet is described by the Euler or Navier–Stokes equations near the nozzle and by the equations of

turbulent expansion of the type of the Prandtl boundary-layer equation:
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for  x = 0 ,   0 ≤ r ≤ 1 :  u = U ≡ 
ua

u∞
 ,   v = 0 ,   T = AT ≡ 

Ta
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 ,   p = N ,   ρ = 

N
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for  x = xmin ,   1 ≤ r ≤ rmax :  u = 1 ,   v = 0 ,   T = 1 ,   p = 1 ,   ρ = 1 ,   Y = Y∞ ; (7)

for  r = 0 ,   r = rmax ,   xmin ≤ x ≤ xmax :  
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Here ρ, u, v, p, and T are related to the parameters in the cocurrent flow ρ∞, u∞, p∞, and T∞; the
coordinates x and r are related to ra, the coefficients µ, k, and D to the characteristic values µa, ka, and Da;
ua and Ta are the velocity and temperature at the nozzle cut; R is the universal gas constant; Cp and m are
the heat capacity at constant pressure and molar mass of the exhaust mixture (C air); the similarity numbers
are: the Mach (M∞), Reynolds (Re), Prandtl (Pr), and Schmidt (Sc) numbers; κ is the specific heat ratio; N
is the inefficiency ratio (nonisobaricity) parameter; Y∞ and Ya are the mass concentration of vapor in the at-
mosphere and at the nozzle cut; u∞

 ⁄ ua = 1/U is the flow cocurrency; AT = Ta
 ⁄ T∞ is the parameter of heating;

the quantities xmin, xmax, and rmax denote the maximum and minimum dimensions of the computational do-
main.

In the computational regime N = 1 in a cruising flight (9–13 km) the Mach number at the nozzle cut
Ma = M∞U ⁄ √AT  is close to unity and the parameters U and AT are equal to 1.5–2.5. In [10] the parameters
at the nozzle cut of the engine in a B-747-400 airplane are given: ra = 1.1 m; for 0 ≤ r ≤ ra

 ⁄ 2, u = 437 m/sec,
T = 590 K, and the mole fraction of vapor is 0.00428; for r = ra

 ⁄ 2, u = 316 m/sec and T = 284 K; in the
atmosphere u∞ = 237 m/sec, p∞ = 23,900 N/m2 (10.7 km), and T∞ = 219 K. We approximate the temperature
and velocity profiles by a smooth function equal to the sum of three Gaussian functions of the arguments,
r ⁄ ra, (1 − 2r ⁄ ra), and (1 − r ⁄ ra). With the constancy of mass flows and of the total gas enthalpy Ha:

 ρaua = ρaNuaN ,   ρauaHa = ρaNuaNHaN ,   ρvaua = ρvaN uaN (9)

the equivalent uniform distribution has velocity ua = 396 m/sec (U = 1.67), temperature Ta = 465 K (AT =
2.12), and density of the mixture ρa = 0.179 kg/m3 and of the vapor ρva = 0.00306 kg/m3 (Ya = 0.0017). The
effect of the initial transverse distributions is not taken into account here.

We consider two nonisobaric regimes.
I. According to Eq. (9), the gas and vapor flow rate and the total enthalpy at the nozzle cut and the

fuel flow rate are preserved. The parameters UN, ATN, and YaN are related to the inefficiency ratio parameter
N via the relation
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UN = f (N) U ,   ATN = Nf (N) AT ,   YaN = Ya f (N) ,   f = 
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II. The Mach number at the nozzle cut is kept constant, MaN ≡ M∞UN
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Here Ef (= 43 MJ/kg, kerosene) is the caloric power of a fuel and Ew (= 1.25 kg/kg of fuel) is the index of
water emission.

It was noted in [11] that the transverse pressure gradients are equalized at distances ∆x < ra. In the
section of longitudinal pressure equalization pe(xe) C p∞ (the subscript e means "equilibrium"), a good ap-
proximation for calculating the corresponding parameters ρe, ue, re, and Te is given by the formulas of adi-
abatic (H = const) and isoentropic (p ⁄ ρκ = const) expansion [11, 12] that are written in the form
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(12)

For the evaluation of the distance of the equalization of the pressure, effect of viscosity, heat conduction, and
diffusion on homogeneous transverse distributions of the parameters and for the evaluation of the error of Eq.

Fig. 1. Pressure along the axis p(x, 0)/p∞: 1) N = 0.5 (variant I); 2) 1.5
(I); 3) 0.8 (II); 4) 1.2 (II) and the temperature along the axis T(x, 0)/T∞
(curve 1) and across the axis (without account for 2) T(x = 4ra, r)
(dashed curve) and with account for viscosity and heat capacity (solid
curves) 2) T(x = 4ra, r), 3) T(x = 8ra, r; 4) T(x = 12ra, r)).
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(12), numerical solutions were obtained by the method of large particles [13] over the starting length
−2 ≤ x ⁄ ra ≤ 12, 0 ≤ r ⁄ ra ≤ 2.5 within the framework of the Euler and Navier–Stokes equations on the grid Nx

= 522, Nr = 150. Here Nx and Nr are the number of nodes in the direction of the coordinates x and r, respec-
tively. Figure 1 demonstrates the dependences of the pressure p at the axis on the coordinate x and the trans-
verse distributions of the temperature T with account for the viscosity and thermal conductivity and without
it. When x ⁄ ra > 3, the pressure differs from the atmospheric one by less than 1%. The temperature and veloc-
ity of the jet attain stationary levels. The effect of viscosity and thermal conductivity on the transverse distri-
butions of velocity and temperature at distances x ⁄ ra < 4 can be neglected. Dissipative processes at short
distances do not exert an effect on the pressure distributions and the velocity and temperature levels in the
section of the atmospheric pressure development.

In Fig. 2 the values of velocity ue and temperature Te from Eq. (12) are compared with numerical
results in the range of the jet inefficiency ratio 0.5 < N < 2 for two variants I and II of the change in the
parameters at the nozzle cut with a variable and constant Mach number MaN. Only for the velocity at the
edges of the considered range of the parameter N do the values of ue calculated from formulas (12) differ
markedly from numerical ones (by up to 10%). Condensation primarily experiences the effect of changes in
the temperature. Thus, the nonisobaricity of the jet can be taken into account by simple conversion into
equivalent values of the temperature, velocity, and density in the section of equalization of the pressure by
formulas (12).

The calculation of the condensation (crystallization) of water vapors will be performed by well-known
semi-empirical relations [12]. We also use the linearized asymptotic solutions of Eqs. (2)–(5) [14], which are
valid for xm >> ra:
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 ,   j = u, H, Y ,   Reu = Re ,   ReH = Pr Re ,   ReY = Sc Re .

(13)

The coefficient of radiation attenuation by a polydisperse aerosol is equal [15, 16] to

Fig. 2. The velocity ue in the isobaric sections [1, 3) ue(x ⁄ ra = 12.3, r =
0]; dashed curves, according to formulas (12); 2, 4) uaN; 1, 2) variant I
with a variable MaN, 3, 4) variant II, MaN = const and the temperature
Te and TaN as functions of the parameter N = pa

 ⁄ p∞ (notation is the
same). u, m/sec; T, K.
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α (x, r, λ) = n ∫ 
0

∞

πa2 Q (a) F (a) da = β (ν, amod, λ) ww,i (x, r) ,

where n is the number density of particles, Q(a) is the factor of radiation attenuation on one particle, F(a)
is the size distribution function of particles a, β is the specific attenuation coefficient, and ww,i = ρY is the
water content or ice content of the aerosol. We select F(a) in the form of the gamma-function Γ(ν), ν = 2;
the modal radius amod C 1.13 (or 5.62) µm. At the wavelength λ = 10.6 µm, the coefficient β = 1.7βw,i =
4πκw,i

 ⁄ λρw,i ≈ 72; 80 m2/kg, where κw,i = 0.0690, 0.0602 and ρw,i are the indices of absorption and of the
density of water and ice. In the model of monodisperse aerosol of ice particles for this value of β there
correspond spheres of radius a ≈ 3.3 (or 17.0) µm or plates of thickness 1 µm.

The dependences of the distance xm and optical thickness τ(xm) in initial sections of condensation and
crystallization and also of the distance xm on the nonisobaricity parameter N are presented in Fig. 3. For
variant I, the changes in the optical thickness in the entire considered range of the efficiency ratio
0.5 ≤ N ≤ 1.8 are small (2–3%). The distance to the contrail xm changes by 37–38%. The values of water
content and ice content of the aerosol ww,i(xm, 0) that are maximum over the section x = xm change by 15–
16%; the initial (at x = xm) radius of the contrail rm changes by 8–9%. In variant II in the range
0.8 ≤ N ≤ 1.2 the following changes are possible: in the optical thickness by 28–32%, the distances xm by
19–25%, water (ice) content by 102–114%, and of the radii rm by 27–36%. These estimates relate to a per-
fectly dry atmosphere S∞ ≡ ρv∞

 ⁄ ρv.s∞ = 0, where ρv.s∞ is the density of a saturated vapor at the temperature T∞.
When S∞ = 0.9, for a crystalline aerosol we respectively have ∆wi

 ⁄ wi = 14–15% (variant I) and 27–97% (II),
∆τ ⁄ τ = 0.5–1% and 7.8–12%, ∆xm

 ⁄ xm = 35–37% and 0.5–18%, and ∆rm
 ⁄ rm = 9–10% and 30–40%.

The asymptotic solution (13) (dashed curves in Fig. 3) was normalized in the crystallization section
(S∞ = 0.9) to the semi-empirical solution given in [12] for the calculated (N = 1) variant II due to the selec-
tion of the values Re = 80, Pr = 0.75, and Sc = 0.8. Here, the discrepancies in other calculated variants (1,
2 — I, 4, 5 — II) did not exceed 10%. The functions τ(N) obtained on the basis of Eq. (13) are similar for
all of the variants to those obtained on the basis of the formulas from [12]. The maximum differences are
close to the error of the semi-empirical solution, except for the values of xm in variant II.

Thus, the pressure in the nonisobaric jet is equalized over short distances of the order of several radii
of the nozzle. The viscosity, heat conduction, and diffusion over these distances have no time to substantially
affect the transverse distributions of the parameters of the exhaust gas. Changes in the temperature and veloc-
ity in an unrated jet in comparison with an isobaric one influence the ice content and water content of the

Fig. 3. The optical thickness of the jet τ [in the section of 1, 4) conden-
sation; 2, 5) crystallization, the relative humidity S∞ = 0; 3, 6) crystal-
lization, S∞ = 0.9; 1–3) variant I; 4–6) II; dashed curves, from
asymptotic formulas (13), Re = 80, Pr = 0.75, Sc = 0.80] and the dis-
tance to the contrail xm as a function of N (notation is the same). xm, m.
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aerosol, the transverse dimension and the optical thickness in the initial section of the contrail, and on the
distance to it. One should also expect a substantial effect for accelerating objects.

This work was carried out with financial support from the Russian Foundation for Basic Research
(grant No. 99-01-00446) and the Central Aerodynamic Institute. We are grateful to A. A. Semenov and A. P.
Markelov for a discussion of the possible situations with the efficiency ratio of the jet.

NOTATION

x and r, longitudinal and transverse coordinates; N, inefficiency ratio parameter; p, pressure; T, tem-
perature; ρ, density; u and v, components of the velocity of the medium; H, enthalpy; Y, relative mass con-
centration of vapor (water drops, ice crystals); λ, radiation wavelength; τ, optical thickness of the aerosol; µ,
k, and D, coefficients of turbulent dynamic viscosity, heat conduction, and diffusion. Subscripts: a, parameters
at the nozzle cut averaged over the radius; ∞, parameters in the cocurrent flow; N, nonisobaric parameters at
the nozzle cut; e, equilibrium parameters in the section of pressure equalization; f, fuel; v, vapor; S, saturated
vapor; m, section of maximum optical thickness; mod, modal radius of aerosol particles; w, water; i, ice; T,
temperature.
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